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r^ ' Abstract 

-(— > ' 
C^ ' We examine the relationship between Dependence Logic and game 

logics. A variant of Dynamic Game Logic, called Transition Logic, is de- 
veloped, and van Benthem's representation theorem for First-Order Logic 
and Dynamic Game Logic is adapted to the case of Dependence Logic and 
Transition Logic. 

This suggests a new perspective on the interpretation of Dependence 
Logic formulas, in terms of assertions about reachability in games of im- 
perfect information against Nature. We then capitalize on this intuition by 
^-s ' developing expressively equivalent variants of Dependence Logic in which 

• , this interpretation is taken to the foreground. 
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1.1 Dependence Logic 



Dependence Logic |16) is an extension of First-Order Logic which adds depen- 
jrt , dence atoms of the form —{ti . . .tn) to it, with the intended interpretation of 

"the value of the term t„ is a function of the values of the terms ti . . . tn-i" 

The introduction of such atoms is roughly equivalent to the introduction 
of non-linear patterns of dependence and independence between variables of 
Branching Quantifier Logic [7] or Independence Friendly Logic [9j [8j [14] : for 
example, both the Branching Quantifier Logic sentence 

Va; Elw \ „, , 

Vz 3w j^(^'2/'^'^) 

and the Independence Friendly Logic sentence 

\fx3yyz{3w/x, y)R{x, y, z, w) 



correspond in Dependence Logic to 

\lx3yiz3w(—{z, w) A R{x, y, z, w)), 
in the sense that all of these expressions are equivalent to the Skolcni formula 

3f3g\fx\/zR{x, f{x), z, g{z)). 

As this example illustrates, the main peculiarity of Dependence Logic compared 
to the others above-mentioned logics lies in the fact that, in Dependence Logic, 
the notion of dependence and independence between variables is explicitly sep- 
arated from the notion of quantification. This makes it an eminently suitable 
formalism for the formal analysis of the properties of dependence itself in a first- 
order setting, and some recent papers ([SJI21I3]) explore the effects of replace 
dependence atoms with other similar primitives such as independence atoms [5] , 
multivalued dependence atoms 2 , or inclusion or exclusion atoms [3j|4]. 



The present work is an attempt to analyze the nature of the relationship 
between Dependence Logic and Game Logics such as the ones discussed in [IS] 
and [in]- As we will see, there exists a profound connection between these 
two areas of logical research, which we will exploit in order to develop two game 
logics-inspired variants of Dependence Logic in which the interpretation, already 
implicit in the Game Theoretic Semantics of Dependence Logic, of formulas as 
assertions about abilities of an agent is brought to the forefront. 

We will now recall some basic definitions and results which will be of some 
use for the rest of this work: 

Definition 1.1 (Team) Let M be a first- order model. A team over it is a set 
X of assignments, all with the same domain of variables Dom{X) C Var. 

Definition 1.2 (Relations corresponding to teams) Let X be a team over 
M , and let v be a finite tuple of variables in its domain. Then X{v) is the 
relation {s{ij) : s G X}. Furthermore, we write Rel{X) for X {Dom{X)) . 

As is often the case for Dependence Logic, we will assume that all our formulas 
are in Negation Normal Form: 

Definition 1.3 (Dependence Logic, Syntax) Let Y, be a first-order signa- 
ture. Then the set of all dependence logic formula with signature E is given 
by 

(j) ::= Rt I -.i?f I =(ii . . . t„) \ (jyW cj) \ cj) A (/) \ 3v(j) \ Vw0 

where R ranges over all relation symbols, t ranges over all tuples of terms of the 
appropriate arities, ti . . . t„ range over all terms and v ranges over all variables 
in Var. 

The set Free(0) of all free variables of a formula (f> is defined precisely as in 
First Order Logic, with the additional condition that all variables occurring in 
a dependence atom are free with respect to it. 



Definition 1.4 (Dependence Logic, Semantics) Let M be a first-order model, 
let X be a team over it, and let 4> be a Dependence Logic formula with the same 
signature of M and with free variables in Dom{X). Then we say that X satisfies 

(j) in M , and we write M \=x (f>, if o,nd only if 

TS-lit: (j) is a first-order literal and M |=s (p for all s (E X ; 

TS-dep: (j) is a dependence atom ={ti . . . tn) and any two assignments s, s' G 
X which assign the same values to ti . . .tn-i clIso assign the same value 

to tni 

TS-V: (j) ^•s of the form tpi V ^2 o^nd there exist two teams Yi and I2 such that 
X = YiUY2, M \^Y, ^1 and M ^y, V2; 

TS-A: (p ^■s of the form ipi A 1/^2; M \^x ^1 <md M \=x '02;' 

TS-3: (j) is of the form Bvip and there exists a function F : X ^ Dom{M) such 
that M \=x[F/v] i^, where 

X[F/v] = {s[F{s)/v] : s G X}; 

TS-V: (f) is of the form \fvip and M \^x[M/v] "0; where 

X[M/v] = {s[m/v] : s e X,me Dom{M)}. 

The disjunction of Dependence Logic does not beliave like tlie classical disjunc- 
tion: for example, it is easy to see that —{x)\/ ={x) is not equivalent to —{x), 
as the former holds for the team X = {{x :— 0),{x :— 1)} and the latter does 
not. However, it is possible to define the classical disjunction in terms of the 
other connectives: 

Definition 1.5 (Classical Disjunction) Let ipi and -02 &e two Dependence 
Logic formulas, and let ui and U2 be two variables not occurring in them. Then 
we write ipi \A^l)2 as a shorthand for 

3ui3u2{={ui)A ={U2) A ((mi = M2 A 0l) V (mi ^ U2 A V'2)))- 

Proposition 1.1 For all formulas ipi and ip2, all models M with at least two 
element^ whose signature contains that of "01 and ■02 and all teams X whose 
domain contains the free variables of 0i and 02 

M hx V'l U ^^2 <^ M hx 01 or M ^x 02- 
The following four proportions are from 16 : 
Proposition 1.2 For all models M and Dependence Logic formulas (j), M |=0 



^In general, we will assume through this whole work that all first-order models which we 
are considering have at least two elements. As one-element models are trivial, this is not a 
very onerous restriction. 



Proposition 1.3 (Downwards Closure) IfM \=x </> andY C X then M \=y 

^. 

Proposition 1.4 (Locality) If M |=x and X{Free{(t))) = Y{Free{(j))) then 

Proposition 1.5 (From Dependence Logic to Yi\) Let(p{v) be a Dependence 
Logic formula with free variables in v. Then there exists a S} sentence $(i?) 
such that 

for all suitable models M and for all nonempty teams X. Furthermore, in $(i?) 
the symbol R occurs only negatively. 

As proved in [ISJ , there is also a converse for the last proposition: 

Theorem 1.6 (From S} to Dependence Logic) Let ^{R) be a S} sentence 
in which R occurs only negatively. Then there exists a Dependence Logic formula 
4>{v), where \v\ is the arity of R, such that 

M \^x (/)<=> M ^ ^iX{v)) 

for all suitable models M and for all nonempty teams X whose domain contains 

V. 

Corollary 1.7 Let P be any predicate symbol and let 4i{v, P) be any Dependence 
Logic formula with Free((f>) = v. Then there exists a Dependence Logic formula 
4>'{v) such that 

M hx <P'iv) ^ 3P s.t. M hx (l)iv,P) 
for all suitable models M and for all teams X whose domain contains v. 

Proof: 

By Proposition II .51 there exists a E} sentence $(-/?, P), in which R occurs only 

negatively, such that 

M \=x (t){v, P) ^ M [= $(X(u), P) 

for all M and all nonempty X . 

Now consider $'(i?) := 3P^{R,P): by Theorem ll.61 there exists a formula 
(j>'{v) such that, for all M and all nonempty X, M ^x 4>'{v) if and only if 
M h ^'{X{v)). 

If X is instead empty then by Proposition 11.21 we have that M ^x 4'{'^^ P) 
and M \^x <P'{v); therefore, 4>'{v) is the formula which we were looking for. 
D 

Definition 1.8 Let (j){v^P) be any Dependence Logic formula. Then we write 
3P(f>(v, P) for the Dependence Logic formula, whose existence follows from Corol- 
lary \1.7[ such that 

M h=x 3P(/)(w, P) ^ 3P s.t. M \=x 0(w, P) 

for all suitable models M and all (empty or nonempty) teams X . 



1.2 Dynamic Game Logic 

Game logics are logical formalisms which contain two different kinds of expres- 
sions: 

1. Game term,s, which are descriptions of games in terms of compositions of 
atomic gam,es; 

2. Form,ulas, which, in general, correspond to assertions about the abilities 
of players in games. 

In this subsection, we are going to summarize the definition of a variant of 
Dynamic Game Logic [15] o Then, in the next subsection, we will discuss a 
remarkable connection between First-Order Logic and Dynamic Game Logic 
discovered by Johan van Benthem in [18] . 

One of the fundamental semantic concepts of Dynamic Game Logic is the 
notion of forcing relation: 

Definition 1.9 (Forcing Relation) Let S be a nonempty set of states. A 
forcing relation over S is a set p C S* x Parts(S). 

In brief, a forcing relation specifies the abilities of a player in a perfect-information 
game: {s,X) G p if and only if the player has a strategy that guarantees that, 
whenever the initial position of the game is s, the terminal position of the game 
will be in X. 

A (two-player) game is then defined as a pair of forcing relations satisfying 
some axioms: 

Definition 1.10 (Game) Let S be a nonempty set of states. A game over S 
is a pair {p^ , p ) of forcing relations over S satisfying the following conditions 
for all i G {E, A}, all s e S and all X,Y <Z S: 

Monotonicity: // (s, X) G p* and X CY then (s, Y) G p' ; 

Consistency: // (s, X) G p^ and (s, Y) G p^ then X DY ^9; 

Non-triviality: {s,9) ^ p\ 

Determinacy: // (s, X) ^ p* then (s, S\X) G p' , where j G {E, A}\{i}. 

Definition 1.11 (Game Model) Let S be a nonempty set of states, let $ be 
a nonempty set of atomic propositions and let T be a nonempty set of atomic 
game symbols. Then a game model over S, $ and T is a triple {S, {{Pg ,pf) '■ 
g G r},F), where {pf : pf) is a game over S for all g ^ T and where V is a 
valutation function associating each p ^ ^ to a subset V(j)) C S. 



■^The main difference between this version and the one of Parikh's original paper lies in the 
absence of the iteration operator 7* from our formalism. In this, we follow |18II19| . 



The language of Dynamic Game Logic, as we already mentioned, consists of 
game terms, built up from atomic games, and oi form,ulas, built up from atomic 
proposition. The connection between these two parts of the language is given 
by the test operation (/)?, which turns any formula (f) into a test game, and the 
diamond operation, which combines a game term 7 and a formula (f) into a new 
formula {-f,i)4> which asserts that agent i can guarantee that the game 7 will 
end in a state satisfying cf). 

Definition 1.12 (Dynamic Game Logic - SyntsLx) Let ^ be a nonem,pty 
set of atomic propositions and let T be a nonempty set of atomic game for- 
mulas. Then the sets of all game terms 7 and formulas (f) are defined as 

7 ::= ff I (/>? I 7;7 I 7U7 I 7'' 

for p ranging over <&, g ranging over T, and i ranging over {E,A}. 

We already mentioned the intended interpretations of the test connective ^? 
and of the diamond connective (7,1)^. The interpretations of the other game 
connectives should be clear: 7^* is obtained by swapping the roles of the players 
in 7, 71 U 72 is a game in which the existential player E chooses whether to play 
7i or 72 , and 71 ; 72 is the concatenation of the two games corresponding to 71 
and 72 respectively. 

Definition 1.13 (Dynamic Game Logic - Semantics) LetG = {S,{{p^,p^) 
g G r, V) be a game model over S , T and $. Then for all game terms 7 and all 
formulas 4> of Dynamic Game Logic over T and $ we define a game \\^\\g and 
a set ||(/'||g ^ S as follows: 

DGL-atomic-game: For all g £ G, \\g\\G = {pfTPf)j 

DGL-test: For all formulas (p, \\4>7\\g — {p^,p ), where 

• sp^X iff s ^ \\4>\\g and s G X; 

• sp^X iff s ^ \\(t)\\G or sex 

for all s e S and all X with % ^ X Q S; 

DGL-concat: For all game terms 71 and 72, ||7i;72||g = {p^tP ), where, 
for all I e {E,A} and for \\j,\\g = (pf^pt), II72IIG = (pf.P^), 

• sp'X if and only if there exists a Z such that sp\Z and for each 
z e Z there exists a set X^ satisfying zp\Xi such that 



x=\jx. 



zez 
DGL-U: For all game terms 71 and 72, |!7i U72|[g = {p^iP ), where 
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• sp^X if and only if spf X or spfX, and 

• sp^X if and only if spfX and SP2X 

where, as before, ||7i||g = {pf , Pi) and \\j2\\g = {pf , pi)E 
DGL-dual: // hUc = (p^,P^) then Wj^g = (p^,P^); 
DGL-±: ||±||g = 0; 
DGL-atomic-pr: \\p\\g = Vip); 
DGL--: |h0||G-5\||0||G; 
DGL-V: 1101 V 02||g = ||0i||g U H^zIIg; 
DGL-o: // II7IIG = {p^, p^) then for all (/>, 

||(7,z)0||g = {s€S:3X,C ||0||g s.t. sp'Xs}. 

// s e II^IIgi we say that (p is satisfied by s in G and we write M \^s (f). 

We will not discuss here the properties of this logic, or the vast amount of 
variants and extensions of it which have been developed and studied. It is worth 
pointing out, however, that [191 introduced a Concurrent Dynamic Game Logic 
that can be considered one of the main sources of inspiration for the Transition 
Logic that we will develop in Subsection [ 



1.3 The Representation Theorem 

In this subsection, we will briefly recall a remarkable result from [18] which 
establishes a connection between Dynamic Game Logic and First-Order Logic. 
In brief, as the following two theorems demonstrate, either of these logics 
can be seen as a special case of the other, in the sense that models and formulas 
of the one can be uniformly translated into models the other in a way which 
preserves satisfiability and truth: 

Theorem 1.14 Let G — {S, {{pf , pf) '■ 9 £ L}, V) be any game model, let (p be 
any game formula for the same language, and let s G S. Then it is possible to 
uniformly construct a first-order model G^ , a first- order formula (p^ and an 
assignment s^^ of G^^ such that 



^ |t9j gives the following alternative condition for the powers of the universal player: 

• sp X if and only if X = Zi U Z2 for two Zi and Z2 such that sp^Zi and spj •^2- 

It is trivial to see that, if our games satisfy the monotonicity condition, this rules is equivalent 
to the one we presented. 



Theorem 1.15 Let M be any first order model, let (p he any first- order formula 
for the signature of M , and let s be an assignment of M . Then it is possible 
to uniformly construct a game model G^^'^ , a game formula 0^*^^ and a state 
s'^^^ such that 

We will not discuss here the proofs of these two results. Their significance^ 
however, is something about which is necessary to spend a few words. In brief, 
what this back-and-forth representation between First Order Logic and Dynamic 
Game Logic tells us is that it is possible to understand First Order Logic as a 
logic for reasoning about determined gamesl 

In the next sections, we will attempt to develop a similar result for the case 
of Dependence Logic. 

2 Transition Logic 

2.1 A Logic for Imperfect Information Games Against Na- 
ture 

We will now define a variant of Dynamic Game Logic, which we will call Tran- 
sition Logic. It deviates from the basic framework of Dynamic Game Logic in 
two fundamental ways: 

1. It considers one-player games against Nature, instead of two-player games 
as is usual in Dynamic Game Logic; 

2. It allows for uncertainty about the initial position of the game. 

Hence, Transition Logic can be seen as a decision-theoretic logic, rather than 
a game-theoretic one: Transition Logic formulas, as we will see, correspond as 
assertions about the abilities of a single agent acting under uncertainty, instead 
of assertions about the abilities of agents interacting which each other. 

In principle, it certainly possible to generalize the approach discussed here 
to multiple agents acting in situations of imperfect information, and doing so 
might cause interesting phenomena to surface; but for the time being, we will 
content ourselves with developing this formalism and proving the analogue of 
van Benthem's Representation Theorem for it. 

Our first definition is a fairly straightforward generalization of the concept 
of forcing relation: 

Definition 2.1 (Transition system) Let S be a nonempty set of states. A 
transition system over S is a nonempty relation 9 C Parts{S) x Parts{S) 
satisfying the following requirements: 

Downwards Closure: // {X, Y) e 9 and X' <Z X then {X' , Y) e 9; 

Monotonicity: // {X, Y) e9 andY C Y' then (X, Y') e 9; 



Non-creation: {IIi,Y) e 9 for all Y C S; 

Non-triviality: If X =^ ll) then {X, 0) ^ 6*. 

Informally speaking, a transition system specifies the abilities of an agent: for all 
X,Y C S such that {X, Y) G 9, the agent has a strategy which guarantees that 
the output of the transition will be in Y whenever the input of the transition is 
inX. 

The four axioms which we gave capture precisely this intended meaning, as 
we will see: 

Definition 2.2 (Decision Game) A decision game is a triple T — {S,E,0), 
where S is a nonempty set of states, E is a nonempty set of strategies and O 
is an outcome function from S x E to Parts{S). 

If s' G 0(s, e), we say that s' is a possible outcome of s under e; ifO{s, e) = 
0, we say that e fails on input s. 

Definition 2.3 (Abilities in a decision game) Let T — {S,E,0) be a de- 
cision game, and let X,Y C S. Then we say that T allows the transition 
X ^f Y , and we write T : X ^>- Y , if and only if there exists a e G E such that 
0^O(s,e) CY for alls exE 

Theorem 2.4 (Transition Systems and Abilities) A set 9 C Parts{S) x 
Parts(S) is a transition system if and only if there exists a decision game T = 
(5*, E, O) such that 

{X,Y) e9^r:X ^Y. 

Proof: 

Let 9 = {{Xi, Yi) : i E I)} he a. transition system, and let F = {S, /, O) for 

0(s = 1^* ^^^^ ^*' 
^ ' ' 1^ otherwise. 

Suppose that {X, Y) e 9. li X = 0, then T : X -^ Y follows at once by 
definition. If instead X y^ 0, by non-triviality we have that Y is nonempty 
too, and furthermore {X,Y) ~ {Xi,Yi) for some i E I. Then 0{s,i) — Yi j^ ^ 
for all s E Xi, as required. 

Now suppose that T : X ^ Y . Then there exists a i G / such that ^ 
0(s,i) C Y for ah s E X. If X 7^ 0, this implies that X <Z X, and Y, C Y. 
Hence, by monotonicity and downwards closure, {X, Y) e 9, as required. 
If instead X = 0, then by non-creation we have again that (X, Y) G 9. 

Conversely, consider a decision game T = {S,E,0). Then the set of its 
abilities satisfies our four axioms: 

Downwards Closure: Suppose that T : X ^ Y and that X' C X. By 
definition, there exists a. e G E such that 7^ 0{s, e) C Y for all s E X. 
But then the same holds for all s £ X' , and hence T : X' ^ Y. 



*That is, if and only if our agent has a strategy which guarantees that the outcome will 
be in Y whenever the input is in X. 



Monotonicity: Suppose that T : X ^ Y and that Y C Y' . By definition, 
there exists a. e G E such that ^ 0{s, e) C Y for all s G X. But then, 
for all such s, 0{s, e) C Y' too, and hence T : X -^ Y' . 

Non-creation: Let Y C S and let e G -E be any strategy. Then trivially 
^ 0{s, e) CY for all s G 0, and hence T : ^ F. 

Non-triviality: Let sq E X, and suppose that T : X ^i' Y. Then there exists 
a e such that ^ 0{s,e) C y for all s E X, and hence in particular 
7^ 0(soj e) C Y. Therefore, Y is nonempty. 



n 



Definition 2.5 (Trump) Lei S be a nonempty set of states. A trump over S 
is a nonempty, downwards closed family of subsets of S . 

Whereas a transition system describes the abilities of an agent to transition 
from a set of possible initial states to a set of possible terminal states, a trump 
describes the agent's abilities to reach some terminal state from a set of possible 
initial states |f| 

Proposition 2.1 Let 9 be a transition system and let Y Q S ^ %. Then 
reach{9, Y) = {X \ {X, Y) G 0} forms a trump. Conversely, for any trump 
X over S there exists a transition system 9 such that X = reach{9, Y) for any 
nonempty Y Q S. 

Proof: 

Let be a transition system. Then if {X,Y) G 9 and X' C X, by downwards 
closure we have at once that {X',Y) G 9. Furthermore, (0,1^) G 9 for any Y. 
Hence, reach(0, Y) is a trump, as required. 

Conversely, let X = {Xi : i G /} be a trump. Then define 9 as 

9 = {{A, B):9^B'ZS,3ieI s.t. A C X,} U {(0, 0)} 

It is easy to see that is a transition system; and by construction, for 1" ^ we 
have that {A, Y) e 9 ^ 3i s.t. AQ X^ ^ A E X, where we used the fact that 
X is downwards closed. 

D 

We can now define the syntax and semantics of Transition Logic: 

Definition 2.6 (Transition Model) Let ^ be a set of atomic propositional 
symbols and let Q he a set of atomic transition symbols. Then a transition 
model is a tuple T — (S, {9t : t G 6}, V), where S is a nonempty set of states, 
9t is a transition system over S for any t E O, and V is a function sending each 
p G $ into a trump of S. 



^The term "trump" is taken from | 11| . where it is used to describe the set of all teams 
which satisfy a given formula. 
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Definition 2.7 (Transition Logic - SyntELx) iei $ be a set of atomic propo- 
sitions and let be a set of atomic transitions. Then the transition terms and 
formulas of our language are defined respectively as 

T ::— i I (/)? I T ® T I T n T I t;t 
^ ::= T \p\4>\/4>\(l>A^\ {t)<^ 

where t ranges over O and p ranges over $. 

Definition 2.8 (Transition Logic - Semantics) Let T = (5, {0t : t e 6), V) 

be a transition model, let t be a transition term, and let X,Y C_ S. Then we 
say that t allows the transition from X to Y , and we write T ^x^y t, if and 
only if 

TL-atomic-tr: t = t for some t G 8 and {X, Y) G 9t; 

TL-test: t — (j)7 for some transition formula (f> such that T ^x </'; and X C 
Y; 

TL-(g): r — ti®T2, and X = X1UX2 for two Xi and X2 such thatT \^Xi^Y Ti 
and T hxa-^y ^2/ 

TL-n: T = Ti n T2, T hx^y n and T |=x^y ^2; 

TL-concat: t = ti,T2 and there exists a Z <Z S such that T \=x^z ^i and 

Analogously, let (f> he a transition formula, and let X C S . Then we say that X 
satisfies (f), and we write T \^x (p? if <^''^d, only if 

TL-T: (j) = T; 

TL-atomic-pr: (p — p for some p G $ and X G V(p); 

TL-V: 4> = ipi V ip2 and T \=x V'l or T \^x V'2; 

TL-A: ^^^iA^2,T^xi'i andT^xi^2; 

TL-o: (f) = (t)'0 and there exists a Y such that T \=x^Y t and T \=y ip- 

Proposition 2.2 For any transition model T , transition term t and transition 
formula (j), the set 

||r||T-{(X,r):Thx^yr} 

is a transition system and the set 

\mT^{X:T^x<l>} 
is a trump. 



ff 



Proof: 

By induction. 

D 

We end this subsection with a few simple observations about this logic. 

First of all, we did not take the negation as one of the primitive connectives. 
Indeed, Transition Logic, much like Dependence Logic, has an intrinsically exis- 
tential character: it can be used to reason about which sets of possible states an 
agent may reach, but not to reason about which ones such an agent must reach. 
There is of course no reason, in principle, why a negation could not be added 
to the language, just as there is no reason why a negation cannot be added to 
Dependence Logic, thus obtaining the far more powerful Team, Logic [T71 [T^ : 
however, this possible extension will not be studied in this work. 

The connectives of Transition Logic are, for the most part, very similar to 
those of Dynamic Game Logic, and their interpretation should pose no difficul- 
ties. The exception is the tensor operator tx ^T2, which substitutes the game 
union operator 71 U 72 and which, while sharing roughly the same informal 
meaning, behaves in a very different way from the semantic point of view (for 
example, it is not in general idempotent!) 

The decision game corresponding to ti ®T2 can be described as follows: first 
the agent chooses an index i G {1, 2}, then he or she picks a strategy for n and 
plays accordingly. However, the choice of i may be a function of the initial state: 
hence, the agent can guarantee that the output state will be in Y whenever the 
input state is in X only if he or she can split X into two subsets Xi and X2 
and guarantee that the state in Y will be reached from any state in Xi when 
Ti is played, and from any state in X2 when T2 is played. 

It is also of course possible to introduce a "true" choice operator ti U T2, 
with semantical condition 

TL-U: T \^x~,Y Ti U T2 ifl: T ^x^y n or T ^x^v T2; 

but we will not explore this possibility any further in this work, nor we will con- 
sider any other possible connectives such as, for example, the iteration operator 

TL-*: T \=x~^Y T* iff there exist n e N and Zq . . . Z„ such that Zq = X, 
Zn = Y and T \=Zi^Zi+i t for all i e 1 ... n — 1. 

2.2 A Representation Theorem for Dependence Logic 

This subsection contains the central result of this work, that is, an analogue of 
van Benthem's result (Theorems 11.141 and 11.151 here) for Dependence Logic and 
Transition Logic. 

Representing Dependence Logic models and formulas in Transition Logic is 
fairly simple: 

Definition 2.9 (M^^) Let M be a first-order model. Then M'^^ = (5, {6'g„, 6'v« 
V G Var}, V) is the transition model such that 
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• S is the set of all teams over M ; 

• For any variable v, 6^^ = {{X,Y) : 3F s.t. X[F/v] C Y} and 9\/y = 
{{X,Y):X[M/v]CY}; 

• For any first-order literal or dependence atom a, V{a) = {X : M \=x </»}• 

Definition 2.10 (0"^^) Let (j> be a Dependence Logic formula. Then cj)^^ is the 
transition term defined as follows: 

1. Lf (j) is a literal or a dependence atom, (j)^^ = (f)l ; 

2. Lf<p^ Vi V ^^2, </>^^ = (^i)^^ ® (V'2)^^; 

3. If^^^P.A i,2, 0^^ = (^i)^^ A (tAs)^^; 
I If(b^3v^,^'^^ = 3v;{^)T^; 

5. If(l) = VwV, <P^^ = Vu; (V')'^^- 

Theorem 2.11 For all first-order models M , teams X and formulas (f>, the 
following are equivalent: 

• M hx 0; 

• 3Y s.t. M^^ ^x^Y 0^^; 

Proof: 

We show, by structural induction on (p, tliat tlic first condition is equivalent to 
the last one. The equivalences between the last one and the second and third 
ones are then trivial. 

1. If is a literal or a dependence atom, M-^^ H-f^s 0? if and only if 
X e V{(f>), that is, if and only if M ^x </>; 

2. M^^ hx^s (V'i)^^®(V'2)'^^ifandonlyifX = XiUX2fortwoXi,X2 C 
S' such that Af^^ h^i^s (V'l)^^ and M^^ hxs^s (-02)^^- By induction 
hypothesis, this can be the case if and only if M \=Xi ipi and M \=X2 V'2, 
that is, if and only if M \=x ipi V V'2 • 



M^^ ^x^s {^lY^ A (^2)^^ if and only if M^^ ^x^s {i'lY^ and 
M^^ \=^x^s (V'2)"^^, that is, by induction hypothesis, if and only if M \=x 

M'^^ \=x^S 3f ; (■0)"^^ if and only if there exists a Y such that Y 15 
X[F/v] for some F and M-^-^ |=y->s V'- By induction hypothesis and 
downwards closure, this can be the case if and only if M \=x[f/v] V" for 
some F, that is, if and only if M \^x 3vtp; 
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5. M'^^ hx^s Vw; (ip)'^^ if and only if M^^ ^y^s {^PV^ for some Y D 
X[AI/v], that is, if and only if M \^x[m/v] V"; that is, if and only if 

M \^x "ivip. 



n 

Representing Transition Models, game terms and formulas in Dependence 
Logic is somewhat more complex: 

Definition 2.12 (T^^) Let T = {S,{9t : t e 0),V) be a transition model. 
Furthermore, for any t G Q, let 9t = {{Xi,Yi) : i G It}, and, for any p G ^ 
let V{p) = {Xj : j € Jp}. Then T^^ is the first-order model with domaii^ 
S W l+){/t : t G 0} W l+J{ Jp : p G *&} whose signature contains 

• For every t Cz O, a ternary relation Rt whose interpretation is {{i,x,y) : 
ielt,xe Xi,y^Yi\; 

• For every p E ^, a binary relation Vp whose interpretation is {{j, x) : j € 

Definition 2.13 {(p^^ and t^^) For any formula (/>, transition term t, vari- 
able X and unary relation symbol P the Dependence Logic formulas (p^^ and 
T^^ (P) are defined as follows: 

1. Tf ^ is T; 

2. For allpe <P, pf^ is 3j{^{j) A Vpij,x)); 

3. {tpi V i^2)x^ is {ipi)x^ U {ip2)^^ , where U is the classical disjunction in- 
troduced in Definition \1.5l 

5. {{t)iP)^^ is 3P((r)f^(F) A Vy(-Py V (?A)^^)), where the second-order 
existential quantifier is a shorthand for the construction described in Def- 
inition HOI and y is a new and unused variable; 

1. For all t G 9, tf^(P) is 3i{^{i) A3y{Rt{i,x,y)) A'iy{^Rt{i,x,y)V Py)); 

2. For all formulas (j), {(p7)^^{P) is 0f ^ A Px; 

3. (n ® r2)^^{P) = (ri)f ^(P) V (r2)f ^(P); 

I (n nr2)f^(P) = (ri)f^(P) A (r2)f^(P); 

5. (Ti;r2)f^(P) = 30((ri)f^(Q) A Vy(-Qy V (t2)^^(P))), where y a new 
and unused variable. 



^Here we write A ttl B for the disjoint union of the sets A and B. 
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Theorem 2.14 For all transition models T — {S, {9t '■ t G Q),V), transition 
terms t, transition formulas (j>, variables x, sets P Q S and teams X over T^^ , 

and 

Proof: 

The proof is by structural induction on terms and formulas. 
Let us first consider the cases corresponding to formulas: 

1. For all teams X, T^^ \=x T and T \^x{x) T, as required; 

2. Suppose that T^^ ^x ^i(={i) A Vp(i,x)). Then there exists a m € 
Dom(r^-^) such that T^^ \=x[m/3] Vpiiix). Hence, we have that X{x) C 
Xm G y{p)] and, by downwards closure, this implies that X{x) e V{p), 
and hence that T \=x{x) P ^ required. 

Conversely, suppose that T \=x{x) P- Then X{x) e V(j>), and hence 
X{x) — Xm for some m G Jp. Then we have by definition that T^^ \=^xim/j] 
Vpij,x), and finally that T^^ \=x T^{p)- 

3. By PropositionO T°^ hx (V'l V i/'2)f ^ if and only if T^^ ^x (^i)f ^ 
or T^^ \=x {'4'2)x^ ■ By induction hypothesis, this is the case if and only 

if T \=x{x) ipi or T hx(a;) V'2, that is, if and only if T [^x{x) V'l V V'2- 

4. T^^ hx (^iAi/.2)f^ if and only if T^^ hx (V^i)f^ and T^^ K (V^2)f^, 
that is, by induction hypothesis, if and only if T \^x "01 A '02- 

5. T^^ \=x ((T)V')f ^ if and only if there exists a P such that T^^ \=^x 
(T)f^(P) and T^^ |=^fj,Bi/j^] -.Py V (-0)^^. By induction hypothesis, 
the first condition holds if and only if T \^x{x)^p t- As for the second 
one, it holds if and only if X[T^^/y\ ^ Yi\JY2 for two Yi, Fa such 
that r^^ ^y, ^Py and T^^ ^y^ ^•^(V'). But then we must have that 
T 1=^2 (y) ^'^'i t^^t -^ — ^2(2/); therefore, by downwards closure, T \=p tp 
and finally T \=x{x) (t)V'- 

Conversely, suppose that there exists a P such that T ^x(2:)->-p ''' and 
T \=p 0; then by induction hypothesis we have that T^^ \^x {t)x^{P) 
and that T^^ hx[T'^^/y] -^Py V (0)f ^, and hence T^^ hx ((t)^)^ ^. 

Now let us consider the cases corresponding to transition terms: 

1. Suppose that T^^ hx 3i(=(i) A 3y{Rtii, x, y)) A \ly{-^Rt{i, x, y) V Py)). 
If X = then X{x) = 0, and hence by non-creation we have that 
{X{x),P) = (0,P) G dt, as required. 

Let us assume instead that X 7^ 0. Then, by hypothesis, there exists a 
m G Dom(r^^) such that 
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• There exists a F such that T^^ \^x[m/i][F/y] Rt{hx,y); 

• T^^ hx[m/j][TO-f./j/] -^Rt{i,x,y)\/ Py. 

From the first condition it follows that for every p G X{x) there exists a q 
such that Rt{m,p, q): therefore, by the definition of Rt, every such p must 
be in X„. 

From the second condition it follows that whenever Rt{m,p,q) and p S 
X{x) C Xm, q G P', and, since X{x) ^ 0, this implies that Ym C P by the 
definition of Rt ■ 

Hence, by monotonicity and downwards closure, we have that {X{x), P) E 
9t and that T \=x(x)^p t^ as required. 

Conversely, suppose that {X{x),P) — {Xm,Ym) G 6t for some m e If. If 
X(a;) = then X = 0, and hence by Proposition[L2]we have that T^^ \=x 
^x^{P)i ^s required. Otherwise, by non-triviality, P = Ym ^ 0. Let now 
p G P be any of its elements and let F{s) = p for all p G X[m/i\: then 
M \=x[m/i][F/y] Rt{i,x,y), as any assignment of this team sends x to 
some element of Xm and y to p e Y^. Furthermore, let s G X{x) — X.^, 
and let q be such that Rt{m,s{x),q): then q e 1^ = P, and hence 
A^ hx[m/j][TOi/y] ^Rt{i,x,y) V P?/. So, in conclusion, M \=x t^^{P), as 
required. 

2. T^^ |=x (/)f ^ A Px if and only if T \^x(x) <i> and X{x) C P, that is, if 
and only if T ^x{x)^P 0?- 

3. T^^ ^^ (ri)f^(P)V(r2)f^(P)ifandonlyifX = XiUX2fortwoXi,X2 
such that 

• X = Xi U X2, and therefore X{x) = Xi(x) U X2{x)] 

, yDL 1^^^ (^^^^-^DLf^p^^ ^Y^g^^ -g^ ^y induction hypothesis, T ^jci(a;)^p 

n; 

, rpDL 1^^^ (^^^-jDLj^p-)^ |.j^j^|. jg^ |_,y induction hypothesis, T |=^^(^)^p 

Hence, if T^^ hx (n ® T2)f ^(P) then T hx(x)^p n ® r2. 

Conversely, if X(a;) = A{J B for two A, S such that T ^a^p ti and 

T hs^P ■^2, let 

Xi = {seX : s{x) e A} 
X2 = {seX : s{x) G B}. 

Clearly X — Xi UX2, and furthermore by induction hypothesis T^^ \^Xi 
(ri)f^(P) and T^^ hx. (r2)f^(P). Hence, T^^ hx (n » T2)f ^(P), as 
required. 

4. T^^ hx (n n T2)f ^(P) if and only if T^^ hx (Ti)f ^(P) and T^^ ^x 
{'''2)x^{P), that is, by induction hypothesis, if and only if T \=x{x)^p 

Tl n T2. 
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5. T^^ hx3Q((Ti)f^(Q)AVy(-QyV(T2)^^(P))) if and only if there exists a 
Q such that T \=x{x)^q ^i and there exists a.Q' ^Q such that T \=Q,^p 
T2- By downwards closure, if this is the case then T |=q^p T2 too, and 
hence T \=x{x)^p ''"i;''"2, as required. 

Conversely, suppose that there exists a Q such that T \=x{x)-^Q "^i and 
T ^Q^p T2. Then, by induction hypothesis T^^ |=x {ti)'^^{Q)] and 
furthermore, X[T^^/y] can be split into 

and 

Z2 = {s e X[r^^/y] : s{y) G Q} 

It is trivial to see that T^^ \^Zi ^Qy, and furthermore, since Z2{y) = 
Q and T |=q->p T2, by induction hypothesis we have that T^^ \^Z2 
(t2)^^. Thus T^^ hx[T«Vy] V2/(-Qy V (t2)^^(P)) and finally T^^ hx 
{ti'j'''2)x^{P), and this concludes the proof. 



D 



2.3 Transition Dependence Logic 

Just as van Benthem's representation theorem, which we recalled in Subsection 
11.31 allows one to reinterpret First Order Logic as a logic of perfect informa- 
tion two-player games. Theorems 12.111 and 12.141 of Subsection 12.21 permit us 
to understand Dependence Logic as a logic of imperfect-information decision 
problems. 

However, the language of Dependence Logic, as described in Subsection II. li 
does very little to support this interpretation. We may certainly associate a 
Dependence Logic sentence such as, for example, Vx3y{={y, f{x)) A Pxy), to 
a certain game of imperfect information, and then establish a correspondence 
between the truth of the sentence and certain abilities of an agent in this game; 
but this interpretation - legitimate though it may be from a semantic perspective 
- does not appear to arise entirely naturally from the syntactical structure of 
the sentence. 

But by exploiting of the representation of Dependence Logic inside of Tran- 
sition Logic of Definitions 12.91 and 12.101 it is not difficult to define a variant of 
Dependence Logic in which this interpretation is manifested at the syntactical 
level itself: 

Definition 2.15 (Transition Dependence Logic - Syntax) Lei S be a first- 
order signature. Then the sets of all transition terms and of all formulas of 
Dependence Transition Logic are given by the rules 

T ::= Elw I Vf I 0? I r (g) r I r n r I r; r 

<j) :■= i?r| -i?f I =(ii...i„) I (/.V0 I 0A(/. I (r)0. 



17 



where v ranges over all variables in Var, R ranges over all relation symbols of 
the signature, t ranges over all tuples of terms of the required arities, n ranges 
over N and ii . . . i„ range over the terms of our signature. 

Definition 2.16 (Transition Dependence Logic - Semantics) Let M be a 

first-order model, let t be a first-order transition term of the same signature, 
and let X and Y be teams over M . Then we say that the transition X ^ Y is 
allowed by t in M , and we write M \=x^y t, if and only if 

TDL-3: T is of the form 3v for some v G Var and there exists a F such that 
X[Flv] C Y; 

TDL-V: T is of the form \fv for some v G Var and X [M/v] C Y ; 

TDL-test: r is of the form </)?, M ^x 4>, and X C Y ; 

TDL-®: T is of the form ti ® T2 and X = Xi U X2 for some Xi and X2 such 
that M \=Xi^Y Ti and M \=X2^Y ^2', 

TDL-D: T is of the form t\ fl T2, M ^x-s-y ^i and M \=^x^Y ^2; 

TDL-concat: r is of the form ti;t2 and there exists a team Z such that 
M \=^x^z Ti and M \^z^y ^2- 

Similarly, if (j) is a formula and X is a team with domain Var. Then we say 
that X satisfies (p in M , and we write M \=x 0, if and only if 

TDL-lit: (j) is a first-order literal and M \=a 4> in the usual first-order sense 
for all s & X; 

TDL-dep: (j) is a dependence atom —{ti . . .t„) and any two s,s' E X which 
assign the same values to ti . . .t„_i also assign the same value to tn; 

TDL-V: (f) is of the form (f)i V 02 and M (=x 0i or M \=x 02; 

TDL-A: (f) is of the form ^i A 02 7 M |=x 0i and M ^x 02/ 

TDL-o: is of the form {t)iP and there exists a Y such that M \=x^y t a,nd 
M (=y V- 

It is not difficult to see, on the basis of the results of the previous section, that 
this new variant of Dependence Logic is equivalent to the usual one: 

Theorem 2.17 For every Dependence Logic formula there exists a Transition 
Dependence Logic transition term r^ such that 

M h=x <=» 3y s.t. M hx^y r^ ^ M hx (r0)T 

for all first-order models M and teams X . 

Proof: 

T(j, is defined by structural induction on 0, as follows: 
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1. If (/) is a first-order literal or a dependence atom then t^ — <jp.; 

2. If (/) is 01 V (/)2 then t^ = r^^ ® t^^; 

3. If (/) is 01 A 02 then t^ = r^^ n t^^ ; 

4. If is 3v%Ij then r^ = Bu; r^; 

5. If is VwV' then r^ = Vw; t^. 

It is then trivial to verify, again by induction on 0, that M \=x if and only if 

M \=x (''>)T, as required. 

D 

Theorem 2.18 For every Transition Dependence Logic formula there exists 
a Dependence Logic formula 0' such that 

M hx ^ M hx 0' 

for all first-order models M and teams X . 

Proof: 
(Sketch) 

Translate into Ej, and then apply Theorem II .61 
D 

However, in a sense. Transition Dependence Logic allows one to consider subtler 
distinctions than Dependence Logic does. The formula Vx3y(=(y, f{x)) APxy), 
for example, could be translated as any of 

. (yx;3y){^{y, fix)) APxy); 

• {yx;3y)myJ{x))?)Pxy; 

• {yx;3y){Pxy?) ^(yJix)); 

. {yx:3y){{Pxyl)n{={yJ{x))l))T. 

The intended interpretations of these formulas are rather different, even though 
they happen to be satisfied by the same teams: and for this reason, Transition 
Dependence Logic may be thought of as a refinement of Dependence Logic 
proper, even though it has exactly the same expressive power. 

3 Dynamic Semantics 

3.1 Dynamic Predicate Logic 

Dynamic Semantics is the name given to a family of semantical frameworks 
which subscribe to the following principle ([B]): 
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The meaning of a sentence does not lie in its truth conditions, but 
rather in the way it changes (the representation of) the information 
of the interpreter. 

In various forms, this intuition can be found prefigured in some of the later work 
of Ludwig Wittgenstein, as weh as in the research of philosophers of language 
such as Austin, Grice, Searle, Strawson and others (T); but its formal devel- 
opment can be traced back to the work of Groenendijk and Stokhof about the 
proper treatment of pronouns in formal linguistics ( [6] ) . 

We refer to [T] for a comprehensive analysis of the linguistic issues which 
caused such a development, as well as for a description of the ways in which this 
framework was adapted in order to model presuppositions, questions/answers 
and other phenomena; here we will only present a formulation of dynamic pred- 
icate semantics, the alternative semantics for first-order logic which was devel- 
oped in the above mentioned paper by Groenendijk and Stokhof. 

Definition 3.1 (Dynamic Semantics for First-Order Logic) Letcj) be a first- 
order formula, let M be a suitable first- order model and let s and s' be two as- 
signments. Then we say that the transition from s to s' is allowed by cf) in M , 
and we write M \=s~^s' 0; if o,nd only if 

DPL-atom: <j) is an atomic formula, s = s' and M \=s 4> in the usual sense; 

DPL-^: 4> is of the form -itl>, s — s' and for all assignments h, M ^s-s-Zi V'/ 

DPL-A: <j) is of the form ^i A '!/'2 o,nd there exists a h such that M \=s^h V"! 
and M \^h^s' i>2; 

DPL-V: 4> is of the form ipi V Tp2, s = s' and there exists a h such that 

M ^s-^h ^1 or M ^s^h 4^2; 

DPL — >: (j) is of the form ipi — > tj}2, s — s' and for all h it holds that 
M ^,^h V'l ^ 3/i' s.t. M \^h^h' V'2; 

DPL-3: (j) is of the form Bxip and there exists an element m G Dom{M) such 
that M \=s[„i/x]~^s' V'; 

DPL-V: (j) is of the form \fx'>p, s — s' and for all elements ni G Dom{M) there 
exists a h such that M \=s[m/x]~¥h "0- 

A formula (p is satisfied by an assignment s if and only if there exists an as- 
signment s' such that M ^s-j.^' (p; in this case, we will write M [=s </>. 

We will discuss neither the formal properties of this formalism nor its linguistic 
applications here. All that is relevant for our purposes is that, according to it, 
formulas are interpreted as transitions from assignments to assignments, and 
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furthermore that the rule for conjunction allows us to bind occurrences of a 
variable of the second conjunct to quantifiers occurring in the first oneO 

The similarity between this semantics and our semantics for transition terms 
should be evident. Hence, it seems natural to ask whether we can adopt, for a 
suitable variant of Dependence Logic, the following variant of Groenendijk and 
Stokhof's motto: 



The meaning of a formula does not lie in its satisfaction conditions, 
but rather in the team transitions it allows. 

From this point of view, transition terms are the fundamental objects of our 
syntax, and formulas can be removed altogether from the language - although, 
of course, the tests corresponding to literals and dependence formulas should 
still be available. As in Groenendijk and Stokhof's logic, satisfaction becomes 
then a derived concept: in brief, a team X can be said to satisfy a term r if 
and only if there exists a Y such that r allows the transition from X to Y, or, 
in other words, if and only if some set of non-losing outcomes can be reached 
from set the initial positions X in the game corresponding to r. 

In the next section, we will make use of these intuitions to develop another, 
terser version of Dependence Logic; and finally, in Subsection 13.31 we will come 
full circle by showing how the semantics of this logic can be interpreted in terms 
of reachability conditions in a suitable variant of the Game Theoretic Semantics 
for standard Dependence Logic [TF. 

3.2 Dynamic Dependence Logic 

We will now develop a formula-free variant of Transition Dependence Logic, 
along the lines of Groenendijk and Stockhof's Dynamic Predicate Logic. 

Definition 3.2 (Dynamic Dependence Logic - Syntax) Let Yj be a first- 
order signature. The set of all transition formulas of Dynamic Dependence 
Logic over E is given by the rules 

T ::= m I -nRt I =(ti . . . tn) \3v \yv \T(g)T ItHt \t;t 

where, as usual, R ranges over all relation symbols of our signature, t ranges 
over all tuples of terms of the required lengths, n ranges over N, ii . . . i„ range 
over all terms, and v ranges over Var. 

The semantical rules associated to this language are precisely as one would 
expect: 

Definition 3.3 (Dynamic Dependence Logic - Semantics) Let AT be a first- 
order model, let t be a transition formula of Dynamic Dependence Logic over the 



^For example, consider the formula (3xPx) A Qx: by the rules given, it is easy to see that 
M \=s {3xPx!) A Qx if and only if P^' fl Q^' + 0, that is, if and only if M |=s 3x(Px A Qx), 
differently from the case of Tarski's semantics. 
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signature of M , and let X and Y he two teams over M with domain Var. Then 
we say that t allows the transition X ^fY in M , and we write M \=x^Y t, if 
and only if 

DDL-lit: T is a first-order literal, M |=s t in the usual first-order sense for 
all s e X, and X C Y; 

DDL-dep: t is a dependence atom =(ti . . -tn), X CY, and any two assign- 
ments s, s' E X whieh coincide over ti . . . t„-i also coincide over tn; 

DDL-3: T is of the form 3v for some v G Var, and X[F/v] C Y for some 
F : X ^ Dom{M); 

DDL-V: r is of the form Vf for some v G Var, and X[M/v] C Y ; 

DDL-®: T is of the form Ti T2 and X = Xi U X2 for two teams Xi and X2 
such that M \=Xi^Y ri and M \=x2^y '''2; 

DDL-H: T is of the form ti n T2, M [^x^Y ti and M \^x^Y T2; 

DDL-concat: t is of the form ti;t2, and there exists a Z such that M \^x^z 
Ti and M ^z^Y T2. 

A formula t is said to be satisfied by a team X in a model M if and only if 
there exists a Y such that M \^x^Y t; and if this is the case, we will write 
M^xT. 

It is not difficult to see that Dynamic Dependence Logic is equivalent to 
Transition Dependence Logic (and, therefore, to Dependence Logic). 

Proposition 3.1 Let (f> be a Dependence Logic formula. Then there exists a 
term 0' of Dynamic Dependence Logic which is equivalent to it, in the sense 
that 

M ^x (l)<^ M \=^x (/}' -^ 3r s.t. M ^x^Y (j)' 

for all suitable teams X and models M 

Proof: 

We build <j)' by structural induction: 

1 . If (/) is a literal or a dependence atom then (f)' ~ 0; 

2. If (/) is -f/ii V V'2 then 0' = ip[ ® '02; 

3. If (/) is i/"! A V'2 then 0' = V'i n V'2; 

4. If (f) is 3xil) then </)' = 3x\ tp'; 

5. If 4> is Vx^ then (/)' = \/x; tp' . 



n 
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Proposition 3.2 Let t be a Dynamic Dependence Logic term. Then there ex- 
ists a Transition Dependence Logic term t' such that 

M \^x^Y T ^ M hx^y r' 
for all suitable X , Y and M , and such that hence 

M^xT^M^x (t')T. 

Proof: 

Build r' by structural induction: 

1. If r is a literal or dependence atom then r' — t1\ 

2. If r is of the form 3v or Vw then r' = t; 

3. If r is of the form ti (g) T2 then t' = t[®T2] 

4. If T is of the form ri n T2 then r' = r{ n T2; 

5. If r is of the form ti; T2 then r' = t{; r2. 



n 



Corollary 3.4 Dynamic Dependence Logic is equivalent to Transition Depen- 
dence Logic and to Dependence Logic 

Proof: 

Follows from the two previous results and from the equivalence between Depen- 
dence Logic and Transition Dependence Logic. 
D 



3.3 Game Theoretic Semantics for Dynamic Dependence 
Logic 

Apart from the team semantics (also called Hodges semantics, after its creator 
Wilfrid Hodges [TT]) presented in Definition 11.41 Dependence Logic also has a 
game theoretic semantics, which - like the game theoretic semantics for Inde- 
pendence Friendly Logic - is an imperfect-information variant of the usual Game 
Theoretic Semantics for First Order Logic [TU]. 

In this subsection, we will develop an analogous semantics for the case of 
Dynamic Dependence Logic and show that it is equivalent to the team transition 
semantics of Definition [ 



Definition 3.5 (Active Player in a Formula) Let t be any Dynamic De- 
pendence Logic formula. Then Playerij) G {E, A\ is defined as follows: 
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1. If T is a first-order literal or a dependence atom, Playerij) = E; 

2. If T is of the form ti ® T2 or 3v then Player{T) = E; 

3. If T is of the form ti n T2 or Vf then Player{T) — A; 
4- If T is of the form ti;t2 then Playerir) = Player(Ti). 

Positions of our game will be pairs (t, s), where t is a transition term and s is 
an assignment. The successors of a given position are defined as follows: 

Definition 3.6 Let M be a first order model, let t be a transition term and let 
s be an assignment over M . Then the set Succm{t,s) of the successors of the 
position (r, s) is defined as follows: 

1. If T is a first order literal (j) then 

, , f |(A, s)| if M t, a in First Order Loqic: 

where A stands for the empty string; 

2. If T is a dependence atom then Succm{t, s) == {(A, s)}; 

3. If T is of the form 3v or^v then Succ{t, s) — {(A, s[m/v]) : m G Dom{M)}; 
4- If T is of the form ti <S> T2 or ti n T2 then Succm{t, s) — {(ti, s), (t2, s)}; 
5. If T is of the form t\ ; T2 then 

Succm{t,s) = {(r';r2,s') : (t',s') e Succm{t\,s)} 
where, with an abuse of notation, we assume that A;t2 is equal to T2. 

We can now define formally the semantic games associated to Dynamic Depen- 
dence Logic formulas: 

Definition 3.7 {Gx^yi''')) -^'^^ -^'-^ ^^ a first- order model, let t be a Dynamic 
Dependence Logic formula, and let X and Y be teams. Then the game G;^_^y (t) 
is defined as follows: 

• The set I of the initial positions of the game is {(t, s) : s <E X}; 

• The set W of the winning positions of the game is {(A, s) : s G Y}; 

• For any position {t',s'), the active player is Player{T') and the set of 
successors is Succm{t',s'). 

Definition 3.8 (Play) Let G^_j.y(T) be as in the above definition. Then a 
play of this game is a finite sequence p — pi . . . pn of positions of the game .such 
that 

1. pi & I is an initial position of the game; 
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2. For every z 6 1 ... n — 1, Pi+i £ SuccmIpi)- 

If furthermore SuccM{Pn) = 9, we say that p is complete; and if Pn ^ W is a 
winning position, we say that p is winning. 

So far, we did not deal with the satisfaction conditions of dependence atoms at 
all. Similarly to the case of Dependence Logic [16] . such conditions are made to 
correspond as uniformity conditions over sets of plays: 

Definition 3.9 (Uniform set of plays) Let G^_j.y(T) be a game, and let P 
he a set of plays in it. Then P is uniform if and only if for all p,q ^ P and 
for all i,j, such that pi = (=(ii . . . tn); t, s) and qj — {—{ti . . . tn); t, s') for the 
same instance of the dependence atom —{ti . . . tn) it holds that 

(tl . . . tn-l){s) = {ti . . . t„-l)(s') => tn{s) = tn{s') 

where, with an abuse of notation, we identify —{ti . . . t„); A with —(ti . . . t„). 

We will only consider positional strategies, that is, strategies that depend 
only on the current position. 

Definition 3.10 (Local Strategy) Let Gj^^yi''') ^^ '^■^ above, and let t' be 
any expression such that {t',s') is a possible position of the game for some s' . 
Then a local strategy for t' is a function fr' sending each s' into a [t" ,s") € 
Succm{t',s'). 

Definition 3.11 (Plays Following a Local Strategy) Let Gj^^yi''') ^^ '^^ 
above, let p = pi . . . p„ be a play in it, and let fr' be a local strategy for some 
t' . Then p is said to follow /,-/ if and only if for all i G 1 ... ri — 1 and all s' , 

Pi = {t',s') ^Pi+l = /r'(s')- 

Definition 3.12 (Global Strategy) LetG'^^y{T) be as above. Then a global 
strategy (for E) in this game is a function f associating to each expression r' oc- 
curring in some nonterminal position of the game and such that Playerij') — E 
with some local strategy fr' for t' . 



Definition 3.13 (Plays following a global strategy) A play p of a game 



^ (r) is said to follow a global strategy f if and only if it follows fr' for all 



Definition 3.14 (Winning Strategy) A global strategy f for a game G^^y{t) 
is said to be winning if and only if all complete plays which follow f are winning. 

Definition 3.15 (Uniform Strategy) A global strategy f for a game G'^^y{t) 
is said to be uniform if and only if the set of all complete plays which follow f 
respects the uniformity condition of Definition [ 



The following result then connects the game theoretic semantics we just 
defined and the team transition semantics for Dynamic Dependence Logic: 
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Theorem 3.16 Let M he a first-order model, let X and Y he teams, and let t 
he any Dynamic Dependence Logic transition term. Then M \^x^y t if o,nd 



only if the existential player E has a uniform winning strategy for G^^y (''') • 



Proof: 

The proof is by structural induction on t: 

1. If T is a first-order literal and M ^x^y t, then X CY and M ^^ t in the 
usual first-order sense for all s £ X. Then there exists only one strategy 
/ for E in G^_^y (r), and for this strategy we have that /r(s) = (A, s) for 
all s E X. Since X C Y, this strategy is winning; and furthermore, it is 
trivially uniform. Hence, E has a uniform winning strategy in G x-^Y (''')■ 

Conversely, suppose that E has an uniform winning strategy / in Gx^yi'^)- 
If M ^5 r for some s G X, then the position (r, s) is terminal in this game 
and it is not winning, which contradicts our hypothesis. Hence M \=s t 
for all s e X, and furthermore - since fr{s) = (A, s) for all s E X - we 
have that X CY. Thus, M \=x^y t, as required. 

2. If T is a dependence atom —(ti . . . i„) and M \^x^y t, then X CY and X 
satisfies the dependency condition associated with the atom. But then the 
only strategy / available to player E is winning, as the set of its terminal 
position is {(A, s) : s € X} and X CY, and it is also uniform, since the 
set of all possible plays of the game is {{—{ti . . .tn, s))(A, s) : s E X}. 

Conversely, suppose that the only strategy / available to E in Gx^yi''') 
is uniform and winning. Since it is uniform, it follows at once that X 
satisfies the dependency condition; and since it is winning and the set of 
all terminal positions is {(A, s) : s G X}, we have that X CY, and hence 
that M \=x~,Y T. 

3. If T is 3v for some variable v and M \=x-->y t, then X[F/v] C Y for some 
F : X ^ Dom(M). Now let / be the strategy for E in G^^yi^) such that 
/t-(s) = s[F(s)/v]: this strategy is uniform, and the set of its terminal 
positions is {{X,s[F{s)/v]) : s e X} = {(A,s') : s' € X[F/v]}. Hence, fr 
is also winning, as required. 

Conversely, let / be any uniform winning strategy for E in Gx-^Y{T), and 
define F : X ^ Dom(M) so that 

fAs) = {X,.s[F{s)/v]) 

for aU s e X. 

Since / is winning, /r(s) is a winning position for all s G X, and hence 
X[F/v] = {s[F{s)/v] : s E X} CY. Hence, M \^x^y t, as required. 

4. If r is Vv for some variable v and M \=x~^y t, then X[M/v] C Y. There 
exists only one (trivial, and trivially uniform) strategy for E in the game 
Gx-:^y{t), as the universal player A moves in all non-terminal positions; 
and the set of all possible outcomes of the game for all the initial positions 
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is {{X,s[m/v]) : s e X,m e Dom(M)} = {(A, s') : s' G X[M/v]}. Hence 
this strategy is winning, as required. 

Conversely, suppose that the unique strategy for E in G^^y (''") i^ winning 
for this game. Then, as the set of aU possible outcomes is {(A, s') : s' G 
X[M/v]}, we have that X[M/v] C Y, and hence that M \=x^y t. 

5. If T is Ti T2 for two transition terms ti and T2 and M \^x^y ti ® T2, 
then X = Xi U X2 for two Xi and X2 such that M \=Xi^y ti and 
M \^X2~^Y T2. By induction hypothesis, this implies that there exist two 
strategies /i and /2 for E which are uniform and winning in G^ _^y (ti) and 
G^ ^y(T2) respectively. Now define a strategy / for E in G^^yi'''^ ® '^2) 
as follows: 



If r' is part of ri then fr' = (/i)t'; 
If t' is part of T2 then fr' = (/2)t'; 

(ti,s) ifseXi; 



Ifr'isri®r2then/.,(^)-1 (r2,.) ii s e X2\X^. 



This strategy is clearly uniform, as /i and /2 are uniform. Furthermore, 

'X^Y\ 



it is winning: indeed, any play of G;^_^y(ri T2) in which E follows it 



strictly contains a play of G^ ^y (r) in which E follows /i or a play of 
Gx -^Y (''') i^ which E follows /2 , and in cither case the game ends in a 
winning position in Y . 

Conversely, suppose that / is a uniform winning strategy for E in G^^_^y (t). 
Now let Xi = {s e X : fr{s) = (ti,s)}, let X2 = {s e X : /^(s) = 
(t2,s)}, and let /i and /2 be the restrictions of / to the subgames cor- 
responding to Ti and T2 respectively. Then /i and /2 are uniform and 
winning for G^^_j.y(Ti) and G^^^yi'''^) respectively, and hence by induc- 
tion hypothesis M \=Xi^y ti and M \=^X2^y T2. But X = Xi U X2, and 
hence this implies that M \=x^y t. 

If T is Ti n T2 for some ti and T2 and M \=x-^y ti 0x2, then M ^x->-f 
Ti and M \=x^y T2. By induction hypothesis, this implies that E has 
two uniform winning strategies /i and /2 for G^_^y(ri) and G;^_^y(r2) 
respectively. Now let / be the strategy for G^_^y (ri n T2) which behaves 
like /i over the subgame corresponding to ri and like /2 over the subgame 
corresponding to T2 (it is not up to E to choose the successors of the initial 
positions (ri n r2, s), so she needs not specify a strategy for those). This 
strategy is winning and uniform, as required, because ri and T2 are so. 

Conversely, suppose that E has a uniform winning strategy / for Gx^y ('''lO 
T2). Since the opponent A chooses the successor of the initial positions 
{(ti n r2,s) : s e X}, any element of {(ti,s) : s S X} and of {(t2,s) : 
s G X} can occur as part of a play in which E follows /. Now, let /i and 
/2 be the restrictions of / to the subgames corresponding to ri and T2 
respectively: then /i and /2 are uniform, because / is so, and they are 
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winning for G^_^y(Ti) and Gx-^yi'''^) respectively, because every play of 
these games in which E follows /i (resp /2) starting from a position (n, s) 
(resp. (t2, s)) for s G X can be transformed into a play of G^^y (ri n T2) 
in which E follows / simply by appending the initial position (ri H r2,s) 
at the beginning. 

7. If T is Ti; T2 for some ri and r2 and M \^x^y ti; T2, then there exists a Z 
such that M \=x^z ti and M \=z^y t'2- By induction hypothesis, this 
implies that there exist two strategies /i and /2 which are winning for E 
in G^_j.2(ti) and in G^^_^y(T2) respectively. Now define a strategy / for 
EinGf^y(Ti;r2)as 

. If {h)r'{s') = (t",,s") then A..,(s') = (r";r2,s"); 

• If r' is part of T2 then /^-j = (/2)t2- 

We need to prove that this / is uniform and winning. Now, let us consider 
the set of all plays in which E follows /: it is easy to see that they will 
be played exactly as a game of Gx^zi'^^) until a position of the form 
(t2, s') is reached for some s' G Z, and then they will be played exactly 
as a game of G;|'^y(r2) until a position of the form (A, s") is reached 
for some s" G Y. Hence, the strategy is winning, as it will always end 
in a winning position for Y, and it is uniform, because any violation of 
uniformity would also be a violation for /i or /2. 

Conversely, let / be a uniform winning strategy for E in G^_^y (n; T2), and 
let Z be the set of all assignments s such that the position (t2, s) occurs as 
part of some play of G;^^y (n; T2) in which E follows /. Furthermore, let 
the two strategies /i and /2 for E in Gx^^Iti) and G^^^yi'''^) respectively 
be defined as 

. li fr':.rAs') = {t";t2,s") then (/i),,(s) = (r",s"); 

• If t' is part of T2 then (/2)t2 = /t2- 

By construction and definition, it follows at once that ri and T2 are uniform 
winning strategies for Gx^zi'''^) ^^'^ ^M^vi'^'^) respectively. By induc- 
tion hypothesis, this implies that M \=x^z ti and that M \=z^y ^2, and 
finally that M \=x^Y ti;t2. 

D 

Theorem 13.161 shows that Dynamic Dependence Logic can be interpreted in 
terms of reachability: M \=x^Y t if and only if, in the game corresponding 
to r, the existential player can guarantee that the final assignment will be 
in Y whenever the initial assignment is in X. This corresponds exactly to 
the intuitions behind the notion of transition system which we introduced in 
Subsection l2.1i and further confirms that Dependence Logic and its variants are 
suitable frameworks for exploring decision-theoretic reasoning under imperfect 
information in a first-order setting. 
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